Intrinsic necessary and sufficient conditions are established for a tower of groups to be the tower of lower central series quotients {G/Γ S G} of some group G, in the case in which G/Γ 2 G is finitely generated and the case in which G is free. A process for constructing a large number of groups with the same lower central series quotient tower is also described. 1* Introduction* Given a group G, one can form nilpotent approximations G/Γ S G to G, where Γ S G is the normal subgroup of G generated by all simple s-f old commutators (s = 1, 2,
). The tower formed by these lower central series quotients and the natural projections G/Γ s+ί G-+G/Γ s G deserves the title nilpotent completion tower, or simply completion, of G. We do not take the inverse limit of the tower, but rather view the tower either as a diagram or, preferably, as a pro-group. A. K. Bousίield [3] has studied the properties of a transfinite extension of this tower (generalized to incorporate a ring of "coefficients") with application to homological properties of topological spaces. G. Baumslag [2] has investigated groups which have the same completion as a free group. In this paper we study the following problems: Under what conditions is a tower of groups {G s } the completion of some group? Under these conditions, find (all) groups G such that G s = G/Γ S G.
Our principal results are as follows. Call a tower of groups {G s } a Γ-tower if, for each s ^ 1, the sequence 1 -* Γ 8 G S+1 -> G s+1 -> G s -> 1 is exact. If {G s } is a Γ-tower and G 2 is finitely generated, then {G s } is the completion of its inverse limit and, more generally, of each of a transfinite sequence of subgroups of its inverse limit. In particular, we obtain a large number of examples of parafree groups [2] . If {G s } is a Γ-tower, G 2 is free abelian, and {H 2 G S } has trivial projections, then {G 8 } is the completion of a free group. We do not yet know if every Γ-tower is the completion of a group.
In §2 we review pro-groups and establish the basic properties of the completion functor. In § 3 we derive the properties of Γ-towers. A "decompletion" process in described in § 4, which enables us to construct groups of small cardinality with a given completion, once one group with the given completion is known. We treat the finitely generated case in §5 and the free case in §6.
• [1] , [4] , or [7] for a fuller discussion of pro-objects. Although the category of pro-groups is, as we shall see (2.2) , the "right" setting in which to study completions, the reader may view the towers in this paper simply as diagrams.
We consider ^ as a full subcategory of tow-^ by identifying an object X in ^ with the tower {X 8 
3* /"-towers* By 2.2 every tower of nilpotent groups is, up to isomorphism in tow-S^, its own completion. Our problem is to characterize those towers which are completions of groups. DEFINITION 3.1. A Γ-tower is a tower of groups {G s } such that, for each s ^ 1, the sequence is exact. PROPOSITION Finally (v) follows from [9, Lemma 5.9] . By 2.3 (i) CG is a Γ-tower for every group G. We conjecture the converse: Given a Γ-tower {G 8 }, there exists a group G such
Let {G s } be a Γ-tower. Then for each s,
In §5 we prove this conjecture in case G 2 is finitely generated, and in § 6 we prove it in case G 2 is free abelian and {H 2 G S } ^ 0. 4* Constructing small decompletions* If CG = {GJ, then the natural map G ->limG s has kernel Γ ω G. By 2.3 (iii) the residually nilpotent group G/Γ ω G has the same completion as G. We therefore make the following definition. Aside from the case in which a Γ-tower {G s } is constant (and hence itself its only proper decompletion), lim G 8 is uncountable because each surjection G s+1 -> G 8 has nontrivial kernel by 3.2 (iv). We shall see in the next section that limG s is a proper decompletion of {G s } if G 2 is finitely generated, but we now describe a process for obtaining decompletions with small cardinality. PROPOSITION 
Let Hbea proper decompletion of a nonconstant Γ-tower {G s }. Let K be a subset of H. Let m be the maximum of the cardinality of K, the cardinality of G 2 , and V$ o Then there exists a proper decompletion of {G s } containing K, contained in H, and of cardinality m.
Proof. We shall construct an increasing sequence of subgroups,
, of H, each of which is obtained from the preceding one by adjoining at most m elements of H, and whose union is the desired decompletion. For each element g in a generating set for G 2 , let x g eH map to g under the natural sur jection H->G 2 . Let A x be the subgroup of H generated by K and all the x g 's. Since A^->G 2 is surjective, A x -• G s is surjective for all s by 3.2 (v), and the cardinality of A 1 is m. Assume by induction that we have defined A n cH such that A n has cardinality m and A n -> G s is surjective for all s. Consider the groups K s = ker (A n -> G $ ). Clearly Γ 8 A n c K 8 , since Γ 8 G 8 -1 by 3.2 (iii), but it might happen that there are elements in K 8 which are not in Γ s A n .
Such elements are in Γ S H, however, since H is a proper decompletion of {G s }. Form A n+1 as the subgroup of H generated by A n and a collection of at most m elements of H needed to express all the elements of K s as products of simple s-fold commutators, for all s. Clearly A n+1 satisfies the inductive hypotheses. Then A -USU Ά* is perforce the desired decompletion. PROPOSITION 
The union of a nested family of proper decompletions of a Γ-tower is again a proper decompletion.
The proof is clear. 5* The finitely generated case* In this section we use a lemma of Bousfield [3] to show that Γ-towers with finitely generated G 2 are actually completion towers, and we construct many decompletions of them. In view of 3.2 (v) , it makes sense to call such a tower a finitely generated /Mower. THEOREM 
Let {G 8 } be a finitely generated Γ-tower, and let G = lim G 8 . Then G is a proper decompletion of {G s }.
The proof involves the notion of iV-series [3] , [9, p. 391 is countable for a < ω and has cardinality equal to the cardinality of a for a^ ω. This process terminates at G, which has the cardinality of the continuum, (£. Although there is no guarantee that the G a 's are not isomorphic, any two with different cardinality will be nonisomorphic, and every cardinality between y$ 0 and (£, inclusive, is represented. Since it is consistent to assume [5] Letting {G s } be the completion of a finitely generated free group, we obtain a "large number" of examples of parafree groups [2] . 6* Completions of free groups* In this section we completely characterize those towers which are completions of (not necessarily finitely generated) free groups. We first need two basic results relating group homology and completion. (These propositions lead Bousfield [3] to call a certain transfinite extension of {GjΓjG} the homological localization tower for G.) Given a pro-group {G 8 } and an integer n ^ 1, define H n {G s } to be the pro-abelian-group {H n G 8 }, where H n G s is the ordinary homology of the group G s with trivial integer coefficients [8, p. 290] . In particular H^G,} = {G S /Γ 2 G S }. PROPOSITION The proof [6] is similar to the proof of the classical version of the theorem due to J. Stallings [10] . PROPOSITION Proof. The first condition is clearly necessary, and the second follows from 6.2 since H 2 F = 0 for F free. To show sufficiency, let F be the free group on a set of free abelian generators for G 2 , and let φ 2 : F-+G 2 be induced by the identity. Lift φ 2 to a morphism φ: F->{G S }. By 3.2 (ii) and the hypothesis that H 2 {G S ] = 0, H& is an isomorphism and H 2 φ is an epimorphism. Hence Cφ is an isomorphism by 6.1. In fact a diagram chase, using the characterization of isomorphism in tow-ST in [4] , shows that each level F/Γ S F->G S of Cφ is an isomorphism. Finally since free groups are residually nilpotent [2] , the image of F in lim G s is free and a proper decompletion of {G 8 }.
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